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Twisted generalized Weyl algebras (TGWAs) are defined as the quotient of a 
certain graded algebra by the maximal graded ideal I with trivial zero compo- 
nent, analogous to how Kac-Moody algebras can be defined. In this paper we 
introduce the class of locally finite TGWAs, and show that one can associate to 
such an algebra a polynomial Cartan matrix (a notion extending the usual gen- 
eralized Cartan matrices appearing in Kac-Moody algebra theory) and that the 
corresponding generalized Serre relations hold in the TGWA. We also give an ex- 
plicit construction of a family of locally finite TGWAs depending on a symmetric 
generalized Cartan matrix C and some scalars. The polynomial Cartan matrix 
of an algebra in this family may be regarded as a deformation of the original 
matrix C and gives rise to quantum Serre relations in the TGWA. We conjecture 
that these relations generate the graded ideal I for these algebras, and prove it 
in type A 2 . 
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1 Introduction 

Generalized Weyl algebras (GWAs) were introduced by Bavula [2], and by Rosenberg II17II 
under the name hyperbolic rings. Their structure and representation theory have been 
extensively studied in varying degrees of generality, see H5H , ll6B . I13H , PH . ||8l| . || 10|| an d refer- 
ences therein. Examples of generalized Weyl algebras include the n:th Weyl algebra A n , the 
enveloping algebra U(sl 2 ) and the quantum group [/ g (sl 2 ) as well as many other interesting 
families of algebras (see for example [[7| and references therein) . 

In an attempt to enlarge the class of GWAs so as to include also the enveloping algebras of 
semisimple Lie algebras of higher rank, Mazorchuk and Turowska II14II defined the notion of 
a twisted generalized Weyl algebra (TGWA). They are natural generalizations of the GWAs 



but their structure is more complicated. Representations of TGWAs were investigated in 

HH.El.HTl andQ5J. 

In H14II a first indication of a relation to higher rank Lie algebras was found (in the sup- 
port of weight modules). Later, in 11X311 . it was shown that the Mickelsson step algebras 
Z(gl n+1 ,g[ n © as well as some extended orthogonal Gelfand-Zetlin (OGZ) algebras as- 
sociated to g[ n are examples of TGWAs. It is still unknown whether enveloping algebras of 
higher rank Lie algebras are examples of TGWAs, but it is known that a certain localization 
of t/(gl n ) is isomorphic to an extended OGZ algebra, and hence is a TGWA. 

In this paper we further strengthen the link between TGWAs and enveloping algebras of 
semisimple Lie algebras. Namely, we define a natural subclass of TGWAs which we call lo- 
cally finite TGWAs (Definition |4.1D . We show (Theorem |4.4D that in those algebras, relations 
of the following type hold: 

x i l> Xj + i$x { 11 XjXi + • • • + t?;. l]) x j x i l! = 0, 

where rjy are scalars. Such relations may be regarded as generalized Serre relations. Fur- 
thermore, we construct examples of locally finite TGWAs, denoted 5^ ;iU (C), were these rela- 
tions are the quantum Serre relations associated to a symmetric generalized Cartan matrix 
C. More precisely, Theorem 15 .2b ) says that there exist nonzero algebra homomorphisms 

ip± : L7 q (n±) - ^(C) 

where n± are the positive and negative part of the Kac-Moody algebra g(C) associated to C. 
We conjecture that the maps <p± are injective and prove it in the case when C is of type A 2 
(Corollary [6]4l). We believe that the algebras in this family merit further study and we plan 
to investigate their structure and representations in forthcoming papers. 

The plan of this paper is as follows. In Section [2] we recall the definition of TGWAs and 
give some examples. After establishing some preliminary results in Section[3]we define the 
class of locally finite TGWAs in Section |4| and show how to associate polynomial Cartan 
matrices to them such that the corresponding Serre relations hold. Then, in Section [5l 
we give the construction of the locally finite TGWAs, 5^ j(U (C), associated to a symmetric 
generalized Cartan matrix and some parameters q, /i = (jU t -,). Finally, in Section [6] we 
give sufficient conditions for the Serre-type relations to generate the maximal graded ideal 
appearing in the definition of TGWAs, which in particular can be used to obtain an explicit 
presentation of the algebra 5^ j|U (C) when C is of type A 2 . 

Acknowledgements 

The author was supported by the Netherlands Organization for Scientific Research (NWO) in 
the VIDI-project "Symmetry and modularity in exactly solvable models". The author would 
like to thank L. Turowska for commenting on an early version of this paper, and J. Palmkvist 
and J. Oinert for interesting discussions. 



2 



2 Notation and definitions 



We fix an arbitrary ground field K. All algebras are associative unital K-algebras. Let us 
recall the definition of a twisted generalized Weyl algebra ||14[ 11311 . The input for this 
construction is a positive integer n, a commutative K-algebra R, an n-tuple cr = (o" 1; . . . , cr n ) 
of commuting IK-algebra automorphisms of R, an n-tuple t = (t 1 ,...,t n ) e (i?\{0})", and 
a symmetric matrix ju = (M; ; )" ;=1 with entries from 1K\{0} but diagonal elements n u left 
undefined (they are irrelevant). The following consistency relation is required: 

t t t } = p tJ n ji <Tj\t t ')(TY 1 (t j ') Vi#j. (2.1) 

The associated twisted generalized Weyl construction (TGWC), A' = A'(R, cr, t, ju), is the alge- 
bra obtained from R by adjoining new noncommuting generators X x , . . . ,X n , Y 1 ,...,Y n with 
the following defining relations for i,j = l,...,n,ij^j: 

X i r = cr i (r)X i , Y i r = crT\r)Y i , Vrei?, (2.2a) 

Y t X t = t u X t Y { = o- £ (t ; ), (2.2b) 

X t Yj = HtjYjXt. (2.2c) 

One can show that relation (12. ID is sufficient for the algebra A' to be nontrivial, and also 
necessary if the t; are not zero-divisors in R. A' has a Z"-gradation {A' } geZ n given by 
degX; = e^degYj = — e ; ,degr = OVr e R, where {ej" =1 is the standard Z-basis in Z". 
One can check that A' Q = R. Let I c A' be the unique maximal graded ideal intersecting R 
trivially. Equivalently / is the sum of all graded ideals intersecting R trivially. The twisted 
generalized Weyl algebra (TGWA), A = A(R, a, t, pi), is defined as the quotient A = A' /I. Since 
/ is graded, A inherits a Z"-gradation from A'. The images of the elements X h Y t in A will be 
denoted by the same letters. 

In this paper, the assumption that /i is symmetric is a matter of convenience, because then 
relations (I2.2D imply that A' carries an anti-involution *, (that is, a K-linear map A' — * A' 
with a** = a, (ab)* = b*a*) determined by 

X* = Y U Y*=X U i = l,...,n, r*-rVreR. (2.3) 

Clearly I* = I so * descends to an anti-involution on A. 

By a homogenous element in A' (resp. A) we mean an element of D geZ nA' (resp. U gsZ nA g ). 
By a monic monomial in A' (or A) we mean a product Z 1 -- -Z k where Z,- e {X ; }" =1 U {Y;}" =1 
for each j. The group 7L n acts on R via the automorphisms cr ; : g(r) = (cr^ 1 • • ■ <T„)(r) for 
g = (g l5 . . . , g n ) € Z" and r e i?. Using this action and (!2.2aD we have 

a • r = (deg a)(r) ■ a for any homogenous a e A and any reR. (2.4) 

Example 2.1 (The TGWA of "type A 2 " from Example 3 in HT4H ). Let n = 2, R = K[H], 
cr^H) = H + 1, cr 2 (H) = H - 1, and t x = H, t 2 = H + 1, and ju 12 - /i 2 i = 1. Then 
the consistency relation t t tj = cr7 1 (t i )crr 1 (t J ), i ^ j hold. Let A = A(i?, cr, t, ju) be the 
corresponding TGWA. In H14II this example was associated to the coxeter graph of type A 2 , 
but the ideal I was not described. We will come back to this example and eventually exhibit 
a set of generators for the ideal I (Example 14. 5 1 and Example 16.31) . 
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Example 2.2 (Quantized Weyl algebras). Let q = (qi,...,q n ) be an rc-tuple of elements 
of IK\{0, 1}. Let A = (A i; -)" ; - =1 be an n x n matrix with nonzero entries from K such that 

Xji = A^ 1 for i < j. The rc:fh quantized Weyl algebra A^' A is the K-algebra with generators 
Xi,y t , I < i < n, and relations 

x t Xj = qiXijXjXi, y^j = X^y^, (2.5) 

*iYj = ^jiYjXi, XjYi = qi^ijYiXj, (2.6) 

for 1 < i < j < n, and 

x i yi-q i yiX i = i+Y^<ik- 1 )yiXi, (2.7) 

fc=i 

for i = 1, ...,n. This algebra was introduced in II16II (for special parameters) and inves- 
tigated since then by many authors. Its representation theory has been studied from the 
point of view of TGWAs in [I5j and QU). To realize it as a TGWA, let R = K[t 1; . . . , tj be 
the polynomial algebra in n variables and o"; the K-algebra automorphisms of R defined by 



i+qiU+l£=Mk-Vt k , i = U (2-8) 

qitj, }>i. 



One can check that the cr; commute. Let \i = (jUij)" =1 be defined by = Xji and ju ; -j = 
qiXij for i < j (so if the involution (12.31) is required, one needs to impose also that Xu = 
qiku, i < j). Put a = (<Ji,...,<j n ) and t = (t 1 ,...,t n ). One can show that the maximal 
graded ideal of the TGWC A'(R, a, t, /i) is generated by the elements 

Xft - ^X^, YfYj - X^Yfr, \<i<j<n 
so that A^' A is isomorphic to the TGWA A{R, a, t, pi) via X; >-* X h y t >— » Y;. 



3 Preliminary results 

The following observation about the ideal I in a TGWC is very useful. Recall that an ideal J 
in a graded algebra B is called completely gr-prime if ab e J implies a e J or b S J for any 
homogenous elements a, b e B. 

Proposition 3.1. Let A' =A\R, a, t, /i) be a TGWC, where Ris a domain. Then I is completely 
gr-prime. 

Proof. Let a, b &A' be homogenous and suppose ab e I. First we assume that a = b*. Then, 
since deg(b*) = — deg(b), we have b*b e I nR = 0. Let c 1 ,c 2 € A' be any homogenous 
elements such that deg(c 1 bc 2 ) = 0. Then (c 1 fac 2 )*-(c 1 bc 2 ) — (degci^Xc^Mdegc^Xb*?))- 
c 2 c 2 = 0. Since R has no zero-divisors we conclude that c 1 bc 2 = 0. This proves that b e I. 

Now let a, b be any homogenous element in A' with ab e 7. Then = (ab)* • ab = 
b*{a*a)b = (deg b*)(a*a)b*b. So since i? has no zero-divisors either a*a = or b*b = 0. 
Thus, by the first part, either ae/orbe/. □ 
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Remark 3.2. Proposition ^ . 1 1 can be viewed as a refinement of the statement that the Shapo- 
valov form F : A x A — > R, given by F(a, b) = p(a*b), where p : A — > A = R is the graded 
projection, is non-degenerate when A = A(R, cr, t, pi) is a TGWA in which J? is a domain, see 
ITT31 Corollary 5.5]. 

Since the t ; are nonzero, we get the following corollary. 

Corollary 3.3. Let A' — A'(R, cr, t, /i) be a TGWC, where R is a domain. Then no monic 
monomial belongs to I. 

Using Proposition l3.1l we can prove the following explicit correspondence between certain 
relations in R and certain elements in the ideal I of a TGWC. 

Proposition 3.4. Let A' = A'{R, cr, t,/i) be a TGWC and suppose R is a domain. Fix i,j e 
{1, . . . , n}, i 7^ j. Let m G Z >0 and r , . . . ,r m & R. Then the following are equivalent: 

(i) r X™Xj + r l X , l l - l X j X i + ■■■ + r^Xf e I, 

(ii) YjYPtq + Y i YjY i m ~ 1 r 1 + ■■■ Y( n Y j r m e I, 

(Hi) s of (t,) + s i a? l - 1 (t j ) + ■ ■ •+s m t j = 0, where s k = ^crj\r k ) for k = 0,...,m. 

Proof. By applying the involution *, (i) is clearly equivalent to (ii). Put a — ^fcLo r k X i l ~ x j x f ■ 
Then a is homogenous of degree me, + e ; , where e t = (0, . . . , 1, . . . , 0) (1 on i:th position). 
So if a e 7 then aYjY™ = by definition of I. Conversely, if aY } Y™ = 0, then ael since I is 
completely gr-prime and does not contain the monic monomial YjY t . On the other hand, 

m m 

fc=0 fc=0 
m 

fc=0 

which is zero iff (iii) holds, since X™Y™ e R and is nonzero, and R has no zero-divisors. □ 
3.1 A note on the case of Noetherian base ring R 

This subsection is independent of the rest of the paper. We include it to show that one can 
say something about the ideal I even under very mild conditions on the data R, o,t,\i. 

Proposition 3.5. Let A' — A'(R, cr, t, //) be a TGWC, and assume that R is a Noetherian do- 
main. Then for any i,j e {!,..., n}, i ^ j, there exist m^, € Z >0 and rjv*, . . . , r^ 1 ' e R 

and s^\ . . .s^"'-'' 1 e R, where r. m,J , s,." 1J 0, such that 
ij ' ij > ij ' ij ' > 

mis ni m,- , — 1 {tnii) ma 

x i x j + r ij x i x i x i + --' + r ij x i x i e 1 C3.1) 
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and 

X;X Uii + s^XiX^y 1 + ■■■+ s (nii) X nii Xi 6 I. (3.2) 
j i ij 1 j i i) i j K J 

(k) 

If m^ and riy are assumed to be minimal, and if all (k — 1,..., m t j) are invertible or if all 

s[j (k = l,...,nij) are invertible, then the elements in (I3.1D and Q3.2D are multiples of each 
other by invertible elements from R, and the coefficients are uniquely determined. By applying 
the anti-involution * we have analogous identities for the Y ; 's. 

Remark 3.6. Note that the leftmost coefficients in (I3.1D . (I3.2D are 1. Otherwise the state- 
ment would be trivial due to the identity a^t^XjXj = n~7. XjX^i which follows from Q2.2D . 

Proof. Since R is Noetherian, the ascending chain of ideals 

in R must stabilize. Thus there is a positive integer k and r' v . . . , r', e R such that 

^ (tj) = r i CT f" 1 (t j ) + ^of- 2 ( tj -) + • • • + rfo. (3.3) 

If was chosen minimal, then r' k 0. Indeed, otherwise, apply err 1 to (13.3D to contradict 
minimality. By Proposition 13.41 we get a relation of the form (I3.1D with minimal my . For 
(I3.1D . look instead on the chain (t,) c (t cr" 1 ^)) C . . . and apply a positive power of a. 

Assume my and riy are minimal and, say, all r[. are invertible. Suppose we have another 
identity of the form A3.1D with the same my. Then we can eliminate the last term and 
get that Xj multiplied by a certain element b of degree (my — \)e i + e ; lies in I, which by 
Proposition 13. II gives that be/, contradicting minimality of my. Then by uniqueness (I3.1D 
and (I3.2D are just multiples of eachother. □ 

4 Locally finite TGWAs and their polynomial Cartan 
matrices 

In view of Proposition 13.41 the following class of TGWAs seems natural to consider. 

Definition 4.1. a) Let A = A(R,<j, t,ju) be a TGWA. Define the following K-linear sub- 
spaces of R for i, j = 1, . . . ,n: 

Vy - Span K {of (ty) | k e Z}. (4.1) 

We say that A is locally finite if dim K Vy < oo for all i, j. 

b) To a locally finite TGWA, A, we associate the matrix of minimal polynomials P A = 
(py)" J=1 by letting py e K[x] be the minimal polynomial for cf; acting on the finite- 
dimensional space Vy. Equivalently py is the monic polynomial of minimal degree 
such that (py(cr i ))(t J ) = 0. 
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Remark 4.2. If the algebra R is generated, as a IK-algebra, by the set {<J k (_tj) | i,j = 
l,...,n, k G Z}, then locally finiteness of the TGWA is equivalent to that the automorphisms 
G"; act locally finitely on R, hence the choice of terminology. 

Recall that a generalized Cartan matrix is a matrix C — (Cy)" . =1 with Cy e Z Vi, j which 
satisfies i) c i; = 2 Vi, ii) Cy < Vi 7^ j, iii) Cy = <=> c ; - ; = Vi 7^ j. We make the following 
definition. 

Definition 4.3. A polynomial Cartan matrix, P = (py)" ;=1 , is a matrix of polynomials py e 
such that its shifted degree matrix (1— degpy)" . =1 coincides with a generalized Cartan 
matrix away from the diagonal. Equivalently P is a polynomial Cartan matrix iff for any 
i 7^ j we have degp i; > 1 and degpy = 1 iff degp ; - ; = 1. We will denote the Cartan matrix 
obtained from P by C(P). 

The point in making these definitions is the following theorem. 

Theorem 4.4. Let A — A(R, a, t, /1) be a locally finite TGWA, where Ris a domain. Then 

a) the matrix of minimal polynomials P A = (py)"j =1 of A is a polynomial Cartan matrix, 

b) writing 

PyO) - x m » + Xfx m ^ + ... + 
where all Ay e K, the following identities hold in A, for any i 7^ j: 

X m % + X^Wx^XJCi + ■■■ + ?:" ! : !i m X:X !U = (4.2) 

and 

Y jY p> + Xf^Y iYj Yp- 1 + ... + tfi^pY^Yj = 0. (4.3) 

Moreover, for any i^jandm< m ip the sets {X^~ k XjX k }^ =Q and {Y™~ k YjY k }™ =Q are 
linearly independent over K. 

Proof, a) Since t t 7^ for each i it is clear that degpy > 1 for all i,j. And if p i; - has degree 
one for some i 7^ j, then cr^ty) = At,- for some A e K\{0}. Then the consistency relation 
(I2.1D and that t,- is not a zero-divisor imply that cr ; (t ; ) = A't; for some A' e K\{0}. Thus 
degCp;;) = 1. 

b) This is immediate from Proposition [33J □ 

Note that the constant terms X™ lj are all nonzero, since the py are minimal polynomials 
for invertible linear transformations. 

Example 4.5 (The TGWA of "type A 2 ", contd.). Recall that n = 2, R = K[H], cr^H) = H+l, 
cj 2 (H) — H — 1, and t 1 = H, t 2 = H + 1, and pt 12 — /i 21 — 1 and A = A{R,cr, t,/x) is the 
corresponding TGWA. Clearly A is locally finite with Vy = CH © CI for i, j = 1, 2. Observing 
that cr 2 (t 1 ) and tj are linearly independent and that 

o^(ti) - 2cr 2 (t 1 ) + t! = H - 2 - 2(H - 1) + H = 
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we see that the minimal polynomial p 21 f° r ^2 acting on V 2 \ is given by p 21 (x) = x 2 — 2x + 
1 = (x — l) 2 . Similarly one checks that in fact Pij(x) = (x — l) 2 for all i,j = 1, 2. Thus, by 
Theorem |4.4b ), we have the relations 

X 2 X 2 - 2X X X 2 X 2 + X 2 X\ = 0, F 2 F 2 - 2Y 1 Y 2 Y 2 + Y 2 Y? = 0, 

in A, which are precisely the Serre relations in the enveloping algebra of sl 3 (K). Also, X^X 2 , 

r 2 — ii 

X 2 X lt and Y 1 Y 2 , Y 2 Y 1 are linearly independent. Note that C(P A ) = is the Cartan 

matrix of type A 2 , thus really motivating us to call this algebra a TGWA of type A 2 . 

Example 4.6. From (12.81) it is easy to see that the quantized Weyl algebra A^' A is also locally 
finite, and that the Cartan matrix C(P) associated to its matrix of minimal polynomials P is 
of the type {A{) n = A 1 x • ■ • x A 1 (i.e. all zeros outside the diagonal). 

The polynomial Cartan matrices should be regarded as a refinement of the notion of 
generalized Cartan matrices in the following sense. 

Example 4.7. Let C be any generalized Cartan matrix. To C we can associate the matrix 
P = given by P;j(x) = (x — l) 1_a 'i for i j and anything on the diagonal. Then 
P is a polynomial Cartan matrix and C(P) = C. More generally, we could take P; ; -(x) = 
(x — q aii )(x — q Gi i +2 ) • • • (x — q~ aii ), where q e K\{0}. Assuming that we had a locally finite 
TGWA, with R a domain, whose polynomial Cartan matrix was equal to such a P, and if all 
= 1, relations (I4.2D .( [431) would become the usual (quantum) Serre relations occuring 
in the (quantum) enveloping algebra of the Kac-Moody algebra associated to C. In the next 
section we construct such an algebra in the case when C is symmetric. 

It would be interesting to find conditions under which a locally finite TGWA A is deter- 
mined up to isomorphism by its polynomial Cartan matrix P A . Part of this question would 
be to determine under what conditions the generalized Serre relations ( I4.2D ,( [43T ) generate 
the ideal I. In Section [6] we give some sufficient conditions for this when n = 2. 

5 A construction of locally finite TGWAs with specified 
polynomial Cartan matrix 

Let C = (a.ij)1j =1 be a symmetric generalized Cartan matrix, let q e K\{0} and let /i = 
(jUij)" j=1 be a symmetric n x n matrix without diagonal with e K\{0}. 
Take R to be the following polynomial algebra over K: 

R = K[H^ } \1 <i < j <n, and k = a ij} a i} + 2,..., -a i; ]. 
Define a 1 ,...,cr n e Aut K (i?) by setting, for all i < j and k = ay, an + 2,..., — an : 

CTj (H«) = ^Hf + H?r 2 \ where := 0, (5.1) 

a i mf) = ^\ H f), (5.2) 
a r {Hf) = Hf, rjtij. (5.3) 
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For notational purposes, put 



Hij=H u 



and define 



Hj i = a- 1 {H i j) for all i<j, and H ;i = 1 for all i 
t i = H il H i2 ---H in , for i = l,...,n. 



Proposition-Definition 5.1. The data (R,cr, t,ii) satisfies the conditions required in the defi- 
nition of a TGWA, namely, the a t commute with eachother, and the consistency relation (I2.1D 
hold. We let (C) = A'(R, a, t, /jl) denote the associated twisted generalized Weyl construc- 
tion and 5^ j|Lt (C) = A(R, a, t, /x) the corresponding twisted generalized Weyl algebra. 

Proof. It is easy to check that the automorphisms <T; commute, since on each either 
one of the automorphisms is the identity, or their composition is a multiple of the identity. 
To prove the consistency relations 

titj = ] (t i )a i '(r,) Vi + j, 

we can assume by symmetry that i < j. Then the right hand side equals 

l4j H n ■ ■ ■ rf&ij) ■■■H in - H n ■ ■ ■ a7\ Hji )- ..H Jn 

which equals t t tj since cr7 1 (H ij ) = Hj i by choice of notation and yi^-aT 1 {Hj i ) = fJ>fjCr7 aT (Hy) : 
H u by (ED. ; □ 



To formulate the next theorem, recall that for any q e K\{0}, the q-binomial coefficients 
m 
k 

identity 



may be defined as the elements in the subring Z[q, q J ] of K given by requiring the 

m 

(x + q" m+1 )(x + q" m+3 ) ■ ■ • (x + q" 1 " 1 ) = 

fc=o 

= 1 by convention. If q is not a root of unity and K has 



(5.4) 



in K[x] for any m G Z >0 , and 
characteristic zero, we have 
[n] q \ 



[n-k]J[k] Q l 



M„! = H[n-lL-[lL [n]. 



q- n+1 +q- n+2 + ---+q n -\ 



(5.5) 



which can be proved by verifying that both definitions solve the same recursion relation 



m 
k 




'm-1 
k 


+ q m-k 


m — 
k- 


1 
l 




<? 




q 







We now come to the main theorem in this section, which relates the algebra 5^ ^(C) to 
the quantum group [/ q (g(C)) associated to the Kac-Moody algebra q(C) (see for example 
[12] for an introduction to DrinfePd-Jimbo quantum groups). 
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Theorem 5.2. a) S? q j|U (C) is locally finite. 



b) The off-diagonal entires of the polynomial Cartan matrix P = (p i; ) of SF q ^(C) are given 

by 



Pij(x) = (x - n^Xx - /i q a '^ +2 ) • • • (x - Hijq a '0 = 

l-a j; 



k=0 



1 - a,- 



x l-a ;j -fc 



(5.6) 
(5.7) 



for any i ^ j. 



c) In 5^ j|U (C), the quantum Serre relations of the quantum group [/ q (g(C)) hold. That is, 
for any i ^ j, 



l-a,i 



St- 1 )* 

k=0 

£(-«* 



fc=0 



1 - Oy 

1 - a 



Y .fcy.y. 1 - a >7-fc = 0> 



(5.8) 
(5.9) 



Moreover, /or any i ^ j and any m < 1 - a i; - the elements X™ k XjX k and Y™ k YjY k , 
k = 0, 1, . . . , m, are linearly independent over K. 

Proof, a) Giving J? the natural Z> -gradation by letting all H>- be of degree one, we observe 
that all automorphisms cr ; preserve the degree one subspace of R. Since the t; have degree 
n, each Vy is therefore contained in the finite-dimensional subspace of R of elements of 
degree n, so 5^ j|U (C) is locally finite. 

b) Let 1 < i < j < n, and consider the following linear subspace of R: 

Wy = kh^ ] © im^ +2) © • • • © kh{P j) . 

It has dimension 1 — ay . By (I5.1D the K-algebra automorphism cr ; preserves the subspace 
Wy and the matrix of Cj\ w .. in the ordered basis (H^ 3 ,H? ll+2 , ■ ■ ■ ,ffy Q ' J ' ) ) is given by 



Myq 



-Oy-2 



Myq lJ 



(zeros omitted). Thus the minimal polynomial Py(x) of cr ; | w , equals 



Py(x) = (x - /Jyq a '0(x - Myq aiJ+2 ) • • ■ (x - /iy-q a 'j). 
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Since <jj[H^) — H*® if r,s ^ j it follows that p^ is also the minimum polynomial for ex- 
acting on the space Vji spanned by all <r^(t,-) (fceZ). On W i; - we also have, using (15.2D . 

Py(o-i)lw y - - Hijq^XtfjVj 1 - Mi;q a °' +2 ) ■ • • - Mu? _aiJ ') = 

= C-Mij) 1_a «^" :l 0y(<7 J ))=0. 

On the other hand, ct ; | w cannot satisfy any polynomial of lower degree since it is a multiple 
of the inverse of (Jj\ w .. This shows that Pij(x) is also the minimal polynomial of <Tj| w .. and 
thus the minimal polynomial for <Ji\ v .. This proves that the polynomial Cartan matrix P 
of St qtjX {C) is given by (I5.6D . The equality Q5.7D follows from the definition Q5.4D of the 
q -binomial coefficients. 

c) This follows from part b) and Theorem 14.41 □ 

We believe that the quantum Serre relations (!5.8D ,( f5T9l ) in fact generate the ideal I of 
the TGWC St' „(C). This would yield a complete presentation of St^ ^C) by generators and 
relations. The result in the next section implies that this is true in the case when C is the 
Cartan matrix of type A 2 . 

6 Sufficient conditions for Serre-type relations to 
generate the ideal 7 of a TGWC 

Theorem 6.1. Assume that A' = A'(R, a , t , /i) is a twisted generalized Weyl construction of 
rank n = 2 where Ris a domain, with the following properties: 

(PI ) For any positive integer k and any r e R the following implication hold: 

r ■ {(T 1 a 2 f{t 1 ) ■ (cr 1 a 2 ) k -\t 1 )- ■ ■ (cr^Xh) e R ■ a^tj => r e R ■ cj^tj), 

(P2) the ideal I of A' contains elements of the form 

s l '-—^2^1 ~ K 1-^1-^2-^1 — K 2% l%2> 

s 2 '.—X^Xi — r] 1 X 2 X 1 X 2 — r\ 2 X^X^, 
where ^ i ,r\ i are nonzero elements o/K. 
Then I is generated by Si,s 2 ,s^,s 2 . 

Remark 6.2. Condition (PI) is satisfied if the following two properties hold: 
(Pla) o- 1 o- 2 (t 1 ) = Xt x for some A e IK\{0}, and 

(Plb) R • ti is a prime ideal in R and the ideals R ■ t 1 and R • cr^t^ are coprime, i.e. their 
sum is all of R. 
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Proof. We begin with a simple observation. Let g — (gi,g 2 ) e ^ 2 an d suppose a e J nA g , 
a 7^ 0. If g! > and g 2 < then a = rX^Y 2 g2 for some r e R. Since J is completely gr-prime 
and contains no monic monomials ("Proposition 13.11 and Corollary I3.3D we get re/. But 
JnR = 0sor = 0, contradicting a^O. Similarly, we cannot have g 1 < and g 2 > 0. Thus, 
if I nA g 0, then either gi > and g 2 > 0, or g x < and g 2 < 0. 

Now let I s denote the ideal in A' generated by s 1; s 2 , s^s^. By Property (P2) we know 
I s c I. Assume that I s c;. Then, among all homogenous elements in I\I S , choose one, 
a, with minimal total degree \g 1 + g 2 |, where (gi,g 2 ) = dega e Z 2 . After applying the 
involution * if necessary we can, by the previous paragraph, assume that g 1; g 2 > 0. 

For a monic monomial w = Z 1 ■ ■ ■ Z k e A' where Z; e {X lt X 2 } Vi, define the length l{w) as 
the number of pairs (i, j), 1 < i < j < k such that Z i = X 2 and Zj = X 1 . The element a can be 
written as a sum of monomials in the noncommuting elements X 1 ,X 2 with coefficients from 
R written on the left. Some of these monomials can be reduced mod I s with the reductions 

X 2 X 2 l ^^ l X 1 X 2 X 1 + ^ 2 X 2 1 X 2 , (6.1) 
X\X X T) X X 2 X X X 2 + J] 2 X X XI. (6.2) 

At each reduction a monomial w is replaced by a sum of two monomials each having strictly 
lower length than w. Thus after finite number of steps we obtain an element of the form 

a'= £ ftlf'ftlJXf" (6.3) 

i=0 

where /3 i e R. We can without loss of generality assume a = a' since we only added elements 
from I s of degree (g l3 g 2 ). Then we have 

min(g 1 ,g 2 ) 

aFf = J] a f Xf " ! • (a 1 a 2 ) i (t 1 ) • (a l( T 2 r 1 • • • o- a c7 2 (ti) • y/ 1_i Xf a , 

i=0 

where a; equals /3; times some power of [i 2 \. Multiplying further by Y 2 g2 from the right 
we get zero since a € 7. After that we can cancel X^Y^ 2 since it is nonzero and R has no 
zero-divisors. Thus 

S «;af ^( tl ) • of "V^Cti) • • ■ of - i+ V 2 ( tl ) -xfVf " f = 0. (6.4) 

i=0 

For simplicity we now assume gi < g 2 . The case gi > g 2 can be treated similarly. Then 
observe that, for i < g 1; the i-term in the sum ( 16.4ft contains a factor cr 1 (t 1 ), namely by 
simplifying Xf" ! Ff" ! . So 

a gl ■ OiOaPCri) • (aj^F-^ti) • ■ • (<Ti<7 2 )(ti) + r ' ^i(ti) = 

for some y € i?. By Property (PI) this implies that a g = a g ■ cr 1 (t 1 ) for some a g € R. 
Substituting this in the last term of (16.31) and using that cr^tjp^Xj = /jl^ct^ct^ 1 (t 1 )X 1 X 2 
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we get 



61 

a=Yt a i Xf 1 -\X 2 X 1 ) i Xl 2 - i + a gi ^a- 1 a-\t 1 )X 1 X 2 <iX 2 X 1 )^- 1 X 8 2 2 - gl =X 1 b 

i=0 

for a certain b £A'. Since Xi £ I, we conclude by Proposition 13.11 that be/. But then b has 
total degree g 1 + g 2 — 1. Thus beJ s , otherwise it contradicts the choice of a as an element 
of I\I S with minimal total degree. But then a =X x b e I s also which is a contradiction. This 
shows that I s c / is false and thus I s —I. □ 

Example 6.3 (The TGWA of "type A 2 ", contd.). Recall from Example O that n = 2, R - 
K[H], CTiCFf) = H + 1, o- 2 (H) — H — 1, t 1 — H, t 2 — H + 1, fj, 12 — n 21 = 1 and let 
A = A(R,a,t,[i) be the TGWA. Conditions (Pla), (Plb) and (P2) above are satisfied and 
thus A is isomorphic to the K-algebra with generators X 1 ,X 2 , Y 1 ,Y 2 ,H and defining relations 

X 1 H = {H + 1)X 1 , X 2 H = {H-l)X 2 , , , 

7^ = ^-1)7!, 7 2 H-(H + 1)7 2 , X „ 2 ] 

Y?Y 2 - 2Y X Y 2 Y X +7 2 7 2 = 0. 
7 1 X 1 =X 2 7 2 =H, 7 2 X 2 =X 1 7 1 =H + 1, 12 21 

It is interesting to notice that A contains two copies of the first Weyl algebra (with gener- 
ators X 1 ,Y 1 and X 2 , Y 2 respectively), and at the same time X 1 ,X 2 (and Y 1 ,Y 2 ) generate a 
subalgebra isomorphic to the enveloping algebra of the positive (or negative) nilpotent part 
ofsl 3 (K). 

Corollary 6.4. Let C be the Cartan matrix of type A 2 . Then the maximal graded ideal with 
trivial zero component, I, of S^'(C) is generated by the elements 

X\X 2 - (q + q-^X.X^ +X 2 X\, 
Y^-iq + q-^Y.Y^+Y^. 

Proof. Properties (Pla) and (Plb) are easily verified for the TGWC ^^(C), and Property 
(P2) holds by Theorem 15 .2b ). so Theorem l6.1l can be applied and yields the result. □ 

It is now straightforward to write down a set of generators and relations for 2T'{C) when 
C is of type A 2 . 
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